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Nomenclature

�C� = damping matrix
CE = entrainment coefficient
Cf = skin-friction coefficient
�Cg� = generalized damping matrix
Cp = pressure coefficient
C� = shear stress coefficient
�H = boundary-layer shape factors
H1 = Head’s boundary-layer shape factor
�K� = stiffness matrix
K� = linear stiffness at the free-play node
M = freestream Mach number
�M� = mass matrix
�Mg� = generalized mass matrix
fQg = generalized aerodynamic forces vector
fqg = generalized modal displacement vector
fRg = restoring force vector including structural

nonlinearities
S = wing area
s = free-play angle at the free-play node
t = time, nondimensionalized by U=cr
U = freestream velocity
x, y, z = nondimensional physical coordinates in the

streamwise, spanwise, and vertical directions,
respectively

�ip = initial pitch angle at the free-play node
� = specific heat ratio
� = boundary-layer momentum thickness
� = freestream density

� = disturbance velocity potential
� b� = modal matrix

I. Introduction

U NSTABLE aeroelastic problems are critical at aircraft design
stages. Particularly, the estimation of stability for aeroelastic

problems in the transonic regime is necessary due to the transonic
dip. There are many categories of aeroelastic phenomena, which are
the interaction between the elastic motions of structures and the
resulting aerodynamic forces, and they are grouped according to
physical features including flutter, divergence, gust response,
buffeting, limit cycle oscillations (LCOs), and others. All aeroelastic
phenomena categories should be considered in aircraft design
because the structural flexibility resulting from light materials in
modern aircraft is more susceptible to aeroelastic phenomena.
Among the aforementioned categories, LCO and flutter, which can
result in complete structural failure within seconds, are the most
dangerous dynamic problems. LCOs are continuous oscillations
with a limited amplitude at a flight speed below the critical speed of
flutter. The oscillations could continuously affect the fatigue of
aircraft structures and, finally, the structures could fail. Real aircraft
not only have structural nonlinearities such as friction, free play, and
hysteresis, but also aerodynamic nonlinearities such as shock waves.
Among the structural nonlinearities, free play is inevitable for the
control surfaces of aircraft. The viscous effects with shock waves in
the transonic regime are typical aerodynamic nonlinearities; in
practice, these nonlinearities lead to LCOs.

For the past few decades, much research on aeroelastic analysis
with free play has been conducted. Laurenson and Trn [1] used the
describing function method to investigate the aeroelastic responses
of a missile control surface with free play and showed that LCOs
could be obtained at velocities below the linearflutter boundary. Kim
and Lee [2] studied a 2-D flexible airfoil with free play in which the
airfoil was modeled using beam elements. Bae et al. [3] investigated
the nonlinear aeroelastic characteristics of a wing with free play
using frequency and time domain analyses. The frequency domain
analyses were performed using the describing function and velocity-
damping (v-g) methods. The time domain analyses were
accomplished with the time integration of unsteady aerodynamic
forces approximated by a rational function. For the inclusion of
aerodynamic nonlinearities, many aerodynamic or aeroelastic
analyses using the computational fluid dynamics (CFD) technique
have been performed in the transonic regime. Specifically, an
aeroelastic study using an efficient unsteady aerodynamic analysis
tool such as the transonic small disturbance (TSD) equation, which is
widely recognized as one of the most efficient theories among the
conventional CFD-based approaches, can have strong computational
advantages in many different types of parametric studies [4]. Batina
[5] formulated a time-accurate approximate factorization (AF)
algorithm as a solution for the three-dimensional unsteady TSD
equation. Moreover, Batina et al. [6] laid the cornerstone of practical
aeroelastic analysis for three-dimensional aircraft models using
transonic unsteady aerodynamics, and the aeroelastic code was
developed for application in practical aircraft configurations. Kim
and Lee [7] performed an aerodynamic analysis of a wing in the
transonic region using the TSD code, which was also applied in the
present study. Kousen and Bendiksen [8] studied the aeroelastic
characteristics of 2-D airfoil models in the transonic regime using the
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Euler equations and showed that LCOs could occur due to the
nonlinear aerodynamic forces induced by the shock. They later
extended the analysis to include free-play nonlinearities and showed
that the flutter velocity drops [9]. To improve the accuracy of the
efficient TSD equation, Howlett [10] and Edwards [11] applied the
coupled TSD and boundary-layer equations to deal with viscous
flows in the boundary layer. Zhang et al. [12] applied the Euler
equations coupled to the same viscous formulations.

In the present study, an aeroelastic analysis considering structural
nonlinearities due to free play and aerodynamic nonlinearities due to
shock waves and viscous effects of the boundary layer is performed.
The fictitious mass (FM) method is used to apply a modal approach
for an efficient structural analysis of the nonlinear structural models.
The TSD equation is used to calculate the unsteady aerodynamic
forces in the transonic regime. By coupling the viscous equations to
the TSD equation, the aerodynamic results are improved. The
nonlinear aeroelastic responses are computed using the coupled time
integration method (CTIM) in the time domain. Finally, for an all-
movable wing with free play, the nonlinear aeroelastic responses
with viscous effects in a transonic Mach number are compared with
those without viscous effects.

II. Theoretical Background

A. Unsteady Transonic Small Disturbance Equation and Viscous

Equations

Although Navier–Stokes equations are the most accurate
aerodynamic equations, many flow features depend on a precise
evaluation of the viscous and turbulent terms. If the thickness value
of a wing section is small and there is no boundary-layer separation,
the viscosity has little effect on the flowfields. If the viscous terms are
removed from the Navier–Stokes equations, the equations become
the Euler equations. Furthermore, if the flow around the aircraft wing
is irrotational and the perturbation is small, the TSD theory can be
applied. A three-dimensional unsteady TSD equation can be written
in a conservation law form as [5]

@f0
@t
� @f1
@x
� @f2
@y
� @f3
@z
� 0 (1)

where

f0 ��A�t � B�x; f1 � E�x � F�2x �G�2y;
f2 � �y�1�H�x�; f3 � �z

These equations are given in a physical coordinate system
�x; y; z; t�, and the subscripts x, y, and z denote the derivative of the
streamwise, spanwise, and vertical directions, respectively. t and x,
y, and z are nondimensionalized by U=cr and cr, respectively. �
represents the disturbance velocity potential. The coefficients A, B,
and E, are determined by the freestreamMach numberM. The other
coefficients, F, G, and H, are related to both the freestream Mach
number and the specific heat ratio, �, and the coefficients can be
chosen depending on the assumptions used when deriving the TSD
equation. All coefficients are defined in [13].

For more accurate results in the TSD equation for the transonic
regime with strong shock waves, the viscous effects should be
considered. The effect of a turbulent viscous boundary layer for
attached flows is modeled in a quasi-steady manner by Green’s lag-
entrainment equations. The boundary-layer equations for attached
flows can be expressed as [10]
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where the subscript e refers to the quantities at the boundary-layer
edge.

For mild separation flows, the boundary-layer equations are
written in inverse form. In an inverse boundary-layer calculation, the
pressure or velocity at the boundary-layer edge is solved from a given
distribution of boundary-layer displacement thickness as represented
by a perturbation mass flow parameter, �m� �eUe�� [12]:
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Various parameters in the viscous equations of attached and
separated flows are defined in [10–12]. Numerical integration of the
viscous equations is performed using a fourth-order Runge–Kutta
method.

B. Aeroelastic Equation of Motion

The aeroelastic equation of motion with structural nonlinearities
can be written as [14]

�M�f �ug � �C�f _ug � fR�u�g � fF�t; u; _u�g (9)

where fFg is the external aerodynamic force vector, which is a time-
dependent function of the displacement and velocity. fR�u�g is the
elastic restoring force vector including structural nonlinearities and
can be written as

fR�u�g � �K�fug � ff���g (10)

where ff���g is the restoring force vector resulting from the
structural nonlinear factors and is given by

f��� �

8<
:
K��� � s�; � > s
0; �s 	 � 	 s
K���� s�; � <�s

(11)

Usually, aeroelastic analysis is conducted using a modal approach
method with a limited number of low-frequency modes to reduce the
computational effort required. However, for wing models with free
play, the normal modal approach cannot be used due to the stiffness
variation with the displacement. Karpel and Wieseman [15]
proposed the FM method, and Lee and Kim [16] described the
application of the FM method to a three-dimensional wing model
with free play. After the modal matrix, � b�, is obtained from the FM
model, the displacement vector can be expressed as

fu�t�g � � b�fq�t�g (12)
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The final matrix form of the aeroelastic equation of motion with
free play in the generalized coordinates is written in matrix form as
follows:

�Mg�f �qg � �Cg�f _qg � fRg�u�g � fQg (13)

where fRg�u�g is the generalized restoring force vector defined as

fRg�u�g � � b�T �K�� b�fqg � � b�Tff���g (14)

fQg � � b�T
1

2
�U2

Z
s

�Cp dS (15)

where � is the freestream density,U is the velocity of the freestream,
S is the area of the lifting surfaces, and �Cp is the difference of the
pressure coefficients between the upper and lower lifting surfaces.

III. Numerical Results and Discussion

The aerodynamic analysis is performed using the coupled TSD
and boundary-layer equations. Figure 1 shows a comparison of the
steady pressure coefficients for the NACA 0012 airfoil model. A
NACA0012 airfoil, by definition, has 12% thickness. The freestream
Mach number,M, is 0.775, and the angle of attack, �0, is 2.05 deg.
For the viscous case, the Reynolds number, Re, is 1:0 
 107.
Although the airfoil is symmetric, the shock wave only exists on the
upper surface due to the nonzero angle of attack. The results of the

inviscid and viscous TSD codes are compared with the experimental
data in [17]. The thin and thick lines indicate the steady coefficients
of the inviscid and viscous TSD codes, respectively. By coupling the
TSD solutionwith the viscous effects, the shockwave position of the
viscous TSD code is closer to the experimental data than that of the
inviscid TSD code, and the results of the viscous TSD code agree
well with the experimental data downstream of the shock wave.

For thick airfoil models, such as the RAE 2822 airfoil, the inviscid
TSD code has often produced quite different results from the
experimental data, as shown in Fig. 2. Figure 2 shows a comparison
of the steady pressure coefficients for the RAE 2822 airfoil model,
which is asymmetric, atM� 0:750 and �0 � 2:81 deg. The viscous
aerodynamic analysis is performed atRe� 6:2 
 106. The thick line
denotes the steady coefficient from the TSD code with viscous
effects. The experimental data of the RAE 2822 airfoil model are
presented in [18]. The results from the viscous TSD code agree well
with the experimental data. The results of the NACA 0012 and
RAE 2822 airfoils ensure that the viscous analysis has more accurate
aerodynamic results than the inviscid analysis in the transonic
regime.

For the LCO analysis, an all-movable wingmodel is considered in
this study, as shown in Fig. 3a. The model is similar to the control fin
of missiles. The wingmodel has an aspect ratio of 2.564, a taper ratio
of 0.5, and a leading-edge sweepback angle of 27.47 deg. The
structural thickness of the wing is 0.002 m, and the root chord length
is 0.156 m. For the wing section, a 4% biconvex airfoil is used. For
the motions of the all-movable wing, the pitching axis is located at
half-root chord and has a linear stiffness, K�, of 100 Nm=rad. In the
present study, symmetric free play around the pitching axis is
considered for structural nonlinearities, as indicated in Fig. 3b.

Six elastic modes are used in the aeroelastic analysis of the wing
model. For an efficient modal approach including the stiffness
variation due to free play, the FM method is applied to the all-
movable wing model. The elastic modes obtained from the FM
method are appropriate for the modal transformation of a structure
with a concentrated nonlinearity.
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Fig. 1 Comparison of the steady pressure coefficients for the
NACA 0012 airfoil model at M � 0:775, �0 � 2:05 deg, and

Re� 1:0 � 107.
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Fig. 2 Comparison of the steady pressure coefficients for theRAE2822

airfoil model atM � 0:750, �0 � 2:81 deg, and Re� 6:2 � 106.

Fig. 3 Configuration of the all-movable wing model and restoring

moment for pitch angle, �, with symmetric free play.
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Figure 4 shows the changes of the LCO amplitudes with
increasingflight speed for the free-play angles, s, of 0.1 and 0.4 deg at
the pitching axis. The figure also shows a comparison of the LCO
amplitudes both with and without viscous effects. The freestream
Mach number,M, is 0.90, and the initial pitch angle is 1.6 deg. The
Reynolds number is 2:0 
 106 for the viscous case. The linear flutter
speed and results of the LCO amplitudes from the inviscid TSD code
are presented in [19]. The linear flutter speed from the viscous TSD
code is 121:0 m=s, whereas that of the inviscid TSD code is
118 m=s. The LCO onset speeds from the viscous TSD code are
almost identical to those from the inviscid TSD code for both free-
play angles of 0.1 and 0.4 deg. As the size of the free play increases,
the LCO amplitude increases for both the inviscid and viscous cases.
For both free-play angles of 0.1 and 0.4 deg, however, the LCO
amplitudes obtained from the viscous TSD code are smaller than
those from the inviscid TSD code.

Figure 5 shows the pitch angles at the pitch axis with and without
viscous effects at a speed, V, of 115 m=s and a free-play angle, s, of
0.1 deg. Figure 6 shows a comparison of distributions of the pressure
coefficient differences with and without viscous effects at 45%
semispan of the all-movable wing model. The freestream Mach
number, M, is 0.90, the pitch angle is 1.6 deg, and the Reynolds
number is 2:0 
 106. Although the aerodynamic results of the case
without viscous effects includes the weak shock at half of the chord,
the shock disappears in the case with viscous effects. Moreover, the
sign of the pressure differences of the case without viscous effects is
converted around the pitch axis. The aerodynamic characteristics
affect the aspect of transition before the appearance of the LCO and
the LCO amplitudes, as shown in Fig. 5.

IV. Conclusions

In this study, an aeroelastic analysis considering the structural
nonlinearities due to free play and the aerodynamic nonlinearities
due to shock waves and viscous effects was performed. For the
development of an efficient modal approach of a structure with free
play, the FMmethod was used, and the TSD equation was applied to
calculate the unsteady aerodynamic forces in the transonic region.
Moreover, the viscous effects of the boundary layer were coupled
with the TSD equation for more accurate aerodynamic results.
Finally, for an all-movable wing with free play, the characteristics of
the LCOs with viscous effects, in a transonic Mach number, were
compared with those without viscous effects. The inclusion of
viscous effects caused the linear flutter velocity to increase and the
LCO amplitudes to decrease when compared with the corresponding
results without viscous effect.
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